
Descriptive Set Theory
Lecture 1

The story .

Cantor waited to prove Continuum Hypothesis (CH) .
Continuum ÷ 11121 = I PIIN) / = 121N /

CH
. There is no set A with 11N / < /A/ < 12"/

.

Cacho managed to
prove a stayer property for all

closed subsets of IR .

Perfect sit properly . A subset A ≤ IR has the perfect set property
PSP if it's either ctbl or it is "perfect

"

( this implies 2"V↳ A continuous injection) .

thus
,
Cantor chewed ht dead af have the PSP

,

hence also ctbl unions of closed sets / i. e. Fo sets ) do
.

He also thieved (Ethel) tht Gr sets li-e.tk intersecting

of open
sits) have the PSP

.

He thought tht if he

"

keeps going
"

,
he'll eventually her tht all subsets of

IR have the PSP
,
so the CH holds .

However
,
it's is any he get a at from the Axiom d- Choice



tht doesn't satisfy the PSP
.

However
, maybe PSP holds

for all definable sets
,
i. e. uh that can be built from

open sits via wupleiath, d-bl unions /intersections
,

projections . The idea of his sits was made for- it first

by Borel , who defined Borel sets as all orbs hat

can be obtained from open using ufhl unions I wwpk-
wants

,
i. e. the saddest r - algebra containing open ate.

then hhesywe defined measurable sorts I measure on IR
.

He published a proof tht projections of Boel sets in IRD
are still Borel

.
About 10 years later

,
Soas / in found a mistake

✗Janet
in this proof, I moreover constructed

1 an example of a Gr sabuf af 112
'

hmm g
hose projection to IR is not Borel

,

Borel? So
, projections af Bart sits are new

kinds at sits
,
chick Luzia ( Sandia 's advisor) I Souslia

called analytic , and started the systematic studs of
this sets at DST was born

.

It was prickly proven tht analytic sets are still

Lebesgue measurable
,
hence so are co- analytic sets,

i. e. couplenewts of analytic uh . boudin chewed tht



projlw - analytic) & analytic U co -analytic, so
again we have new setg .

If
you

"

keep going " , you get
the projective hierarchy ef sits

.

Then these analysts we stuckon

Question
.

Are prej / co
-analytic) lebesgue -easuebk ?

this a- aired open until logicians
,

nail
,
at Hunnish

,

prove tht this vesta is independent of ZFC .

In fact
,

there is a concrete Go subset A-≤ 1123 e.t
.

wether proj ( prog (A)c) is measurable is iachp at 2-FC
.

then 60-80 , DST was part of it theory at the

questions were how independent statenuts about definable
subsets of reds can be

. Until mid - 80s - early 90
,

Alexander keohris I others revived the classical Dst
at demonstrated Ht DST is highly applicable is

studying objects tht arise in analysis ( harmonic
analysis)

, dynamics (ergodic theory , topological dynamics) ,
and operator algebras (F- algebras , von Neumannalgebras)

. Moreover
,
in 1955

,
Kechris

,
Solecki

,
Todorceric

gave rise to a new subject : desriphwe graph combination



rics
,
which is currently booming . By the way, we national

IR I IRD only here that 's hat analysts used hosted,
but really ,

DST works with Polish spaces . these aretopological
spaces tht are wnpletely metrizable I separable

(<⇒ 2ⁿᵈ Ibl)
.

Review of metric spaces and pointat topology .

A metric space IX. d) is couplet if every Candy sequence

in it converges.

Prop . For metric space ✗ , TFAE .

(1) X is wplete .
> (2) Every deureasiynsua.ee (G)

new
of closed sts

This is with vanishing diameter [i.e. diam (G) → 0 as a→ a
,

what we'll where dinu (c) = sup { dlxiy) : ×
, ytc }] has a uouemp -

use .

4 intersection
.
IN .be : this iteration contains one poiat.)

(3) Every decreasing sequence
of closed balls of vanishing

clinker has an iteration .



Now let ✗ be a topological space, i.e .
it's really # T),

here T is the collection of open sits ( i. e. 0, ✗ c- T

I T is closed ruler all unions at finite intersections)
.

A nitric space is a top. spare with opec sets = anions
of open balls . A top . space is metrizable if it arises
fro- a metric . An example of a non -et-izable space our

society (or Facebook) with social circles as open sets .

A basis in a top . space is a collectionBof open sets sit .

My nonempty open set is a union of sits from B.

We say tht a collection e of open sits generates the

tropology on ✗ if the top on ✗ is the tana /lest topology
containing 8 .

Prop . he generates the top a ✗ <⇒ the collection of

all finite intersections of wtsia e is a basis fork.

For eagle, in a metric space,
balls form a basis

.

A top . space is called 2ⁿᵈ utbl if it admits acfbl
basis

. A subset DEX of a top. space ✗ is called

dense if It ∅≠u≤ ✗ open ,
UND =/∅.

A space is sepa -

k6B=



rake if it admits a ctbl dense subset
.

Observation . 2ⁿᵈ ctbl ⇒ separable .
⇐ (for metric spaces : set of balls

of ratio-4 radius about the

path in a otbl dense set) .


